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ABSTRACT: The dynamics of a regular star polymer is investigated under good-solvent and © conditions.
A self-consistent approach to the equilibrium and dynamics is proposed within the Gaussian approximation
in terms of the polymer normal modes, i.e., suitable statistically-independent linear combinations of the
bond vectors. The equilibrium normal modes used to study the star expansion through self-consistent
free-energy minimization (see Allegra, G.; Colombo, E.; Ganazzoli, F. Macromolecules 1998, 26, 330) form
a first-order approximation to the dynamical normal modes under partial-draining conditions. The latter
modes are obtained by diagonalization of a matrix that depends on the intramolecular elasticity and on
the hydrodynamic interaction in the preaveraging approximation, the effect of chain expansion on both
being easily accounted for. If the equilibrium normal modes are used, the relaxation times, from which
the intrinsic viscosity is calculated, are somewhat in error only for the collective modes describing the
concerted motion of the arms, unlike those related with the independent motion of the arms; on the
other hand, they yield the intrinsic viscosity to a very good approximation, thus avoiding the lengthy
diagonalization. Numerical results for regular stars and linear chains are summarized by analytical
equations giving the mean-square radius of gyration (S%), the hydrodynamic radius Ry and the intrinsic
viscosity [#]. The influence of the topology is expressed through the ratios gq = Qar/Qun, @ being any of
the above quantities. In a good solvent, the star is only slightly more expanded than the linear chain,
and so the g ratios are very close to the theoretical phantom-chain value both for (S% and for Ru.
Conversely, [7] increases less in the star than in the linear chain because of the different rate of change
with expansion of the intramolecular elasticity and of the hydrodynamic interaction, and so the
corresponding g ratio is lower than the phantom-chain value. In the © state, the residual three-body
interactions give a finite expansion to the star, unlike the linear chain. Therefore, we have g"qh 3 gg <
gg for {S2) and Ry, in agreement with experiment (the asterisk refers to the good-solvent conditions); on
the other hand, we get g:, < g,’;h < g,,e, whereas the experimental finding is g:, < g,,e < g™. The reason for
this discrepancy is attributed to the preaveraging approximation, which becomes questionable for stars

in the © state because of their large density near the branch point.

Introduction

The dynamics of a regular star polymer has been
studied both theoretically and experimentally;'~10 in
particular, viscosimetry is routinely employed to inves-
tigate molecular weight and solvent effects because of
its experimental simplicity. On the other hand, theo-
retical results were basically concerned with ®-state
phantom-chain models, either flexible,! or stiff,®* fol-
lowing Zimm’s method!! within the usual preaveraging
approximation for the hydrodynamic interaction. To the
best of our knowledge, the only approach to the good-
solvent state was attempted recently by Sammler and
Schrag® through an approximate extension of the Zimm-—
Kilb phantom-chain description.!

A number of problems exists in improving the Zimm-—
Kilb description of the dynamics of phantom-chain stars,
as pointed out most clearly by Douglas, Roovers, and
Freed in a recent review.? These problems may be
summarized as follows: (1) chain expansion both in a
good solvent and in the © state (because of residual
ternary interactions) modifies the normal modes; (2) the
hydrodynamic interaction decreases because of coil
expansion, leading to partial-draining effects; and (3)
preaveraging of the hydrodynamic interaction may
affect the results in a way that appears to depend on
the polymer topology, according to computer simula-
tions.l® The interplay of these effects modifies the
spectrum of relaxation times, hence the intrinsic viscos-
ity, in a rather intricate and nonobvious way.

® Abstract published in Advance ACS Abstracts, January 1,
1995.
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In the present paper, although still retaining the
preaveraging approximation, we address points 1 and
2 above by applying to regular stars our self-consistent
approach to the equilibrium and dynamics of polymers.12
We use a coarse-grained bead-and-spring model, al-
though retaining for simplicity the names of “atoms” and
“bonds” to indicate the beads and the connecting springs.
Linear and star polymers are compared through ap-
propriate ratios of the calculated quantities, so as to
bring out the effect of topology. Examples of these ratios
are g, = [lstar/[77liin, &s = (SDstar/(S?hin, and gu = Ry star/
Ruin at the same molecular weight, where [7] is the
intrinsic viscosity, (S2) the mean-square radius of gyra-
tion, and Ry the hydrodynamic radius. In the good-
solvent case linear and star polymers will be compared
at the same value of the universal variable TB+/N, where
N is the total number of atoms, B an adimensional
parameter proportional to the effective covolume per
skeletal atom, and T = (T' — ©)/T the reduced tempera-
ture.

In order to calculate the intrinsic viscosity, we focus
our attention on the spectrum of relaxation times, which
are obtained from an appropriate Langevin equation
expressed in terms of bond, instead of atom, coor-
dinates.>*12-15 The corresponding equation for a star
polymer was first derived in general form by Guenza
and Perico.?

Basic Equations

We consider a regular star with f arms and N total
bonds, hence with N/f bonds per arm. These will be
numbered sequentially from 1 to N/f starting from the
branch point and we associate to each bond a vector I-
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(h) oriented outward, the superscript r denoting the arm
number (r = 1, 2, ..., /N. RP(h) denotes the vector
position of the Ath atom on the rth arm, and we have
INR) = R7(h) — R™(A — 1), the zeroth atom of each
arm being the branch point. The bond vectors are
collected in the vector array L:

L = IYWIYQ).. I2WN/H] (1)

and their average scalar products define the N x N
correlation matrix M:

M = (L"L) @)

The structure of M, which will be later of relevance, is!®
o M1 . e M1
M, M ... M

M=]| - < e . (3a)

M, lv.11 - M,

where My and M; comprise the intra- and interarm
scalar products among the bond vectors, respectively:

M,,; = A7GDI7G))
My ={@7GIYG) s (3b)

M is diagonalized by the unitary matrix V providing
the configurational normal modes, i.e., the statistically
orthogonal bond-vector combinations,!5 collected in the
vector array L:

VMV = %y (diagonal)

L=LvV VVT=E (4)
E being the identity matrix of the appropriate order.

Due to its structure, M can be diagonalized in a two-
step procedure by first transforming it into the block-
diagonal matrix M.k through the complex symmetric
matrix X exploiting the star symmetry (see the Ap-
pendix and ref 15)

Mo = X'"MX =

M0+(f.— 1)M1 0 ¢ . 0
0 MO—M1 e 0
: : . : (ba)
o o .o MM,

where the My — M; blocks repeat (f — 1) times.
Correspondingly, the transformed vector is

L'=LX (5b)

Mk is diagonalized through the block-diagonal
matrix W formed by the submatrices W, (once) and W,
(f — 1 times), see eqs A-3 and A-4 in the Appendix; the
e and o subscripts refer to the even and odd indices of
the Fourier coordinate g, = #p/[2(N/f) + 1] in the
trigonometric elements of W, and W, (p = 2k or p = 2k
— 1, see eq A-2). The nondegenerate My + (f — 1)M;
block and the (f — 1)-degenerate My — M; block
transform respectively into the diagonal matrices /2a
and /28 making up /2y in eq 4. In conclusion, the
equilibrium normal modes are given by

L=L"W =LXW (6a)
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so that V= X‘W in eq 4 and we have

o

LTy =12y =12 b, (6b)

B

The elements of a. and 8, a,f and /3,2,, k=1,2,..,NIf are
the strain ratios of the mean-square amplitudes of the
normal modes. For the bead-and-spring polymer with
no correlation among the bond vectors, M/I2 reduces to
the unit matrix, and so does y. Conversely, the ele-
ments o and 47 are larger than unity in case of chain
expansion with respect to the phantom chain, and
smaller in case of contraction. Note that the collective
modes have a small & index, whereas the local modes
have a large & index. B

Knowledge of the normal modes L and of their mean-
square strain ratios of and A7 allows the calculations

of the mean-square interatomic distances (r?) between
atoms i and j on arms r and s, respectively:Yf’

2 =4 kN2, 2 )
(g = ?k;{(agj Yo + [(F — DOE? +

2R1 — 6,)6XbP18% (7a)
where (see also eq A-2 for g, and C):
alt’ = C sinlgy(h +j)/2] sinlgy(h — j)/2Vsin(gy/2)

by = C coslgy,_,(h +j)/2]
sin(gqy,(h — j)/2V/sin(gy,_,/2) (7b)

The mean-square radius of gyration (S2) and the hy-
drodynamic radius Ry are given by

(8% =20V + 1T (8a)
i

Ry '=(N+D120;h  G=)  (8b)
ij

where the double sums run over all the star atoms. Note
that (S2) can also be written as a single sum over the
normal modes through eqs 7a,b.

Numerical values of o.f and ,8,% were recently ob-
tained by us from self-consistent free-energy minimiza-
tion both in the case of good-solvent expansion!s and of
O-state expansioni® (see later) and they will be used as
such in the following.

Within the generalized Gaussian approximation, M
entirely determines the elastic forces acting on the chain
atoms, 31417 and the Langevin equation is3!4

—3k,TLM™B — CB%L =Y ©)

¢ being the atomic friction coefficient, Y the random
Brownian force and

B = aHa' (10)

In turn, H is the preaveraged (N + 1) x (N + 1)
hydrodynamic interaction matrix
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_ S RAVES
Hj;=6,+ gtn—sl<rij>(1 ;) 11

where 7s is the solvent viscosity and the reciprocal
averages are approximated through the Gaussian ex-
pression

(g = (J—I—(%)w (12)
i

a is the rectangular N x (N + 1) connectivity matrix
transforming the array of the atomic coordinates R into
that of the bond vectors L:

ao al 0 t1 3 0
aO 0 al e 0
a= : . .

(13)

a, | 0 0 s

where the column vector ag and the (N/f) x (N/f) matrix
a; are

1 1 0 0 +++0
0 101 0 --- 0

a,=| Y a= 0 "L 10 ay
0 0 0 0 -1 1

In order to decouple the equations making up the matrix
equation 9, we switch to normal coordinates®+11.13.17 by
diagonalizing the product M~1B. We first employ the
two-step procedure used in the diagonalization of M
through the matrix V = X:W, since this is the appropri-
ate matrix for the phantom chain in the free-draining
approximation.}* Afterward, we seek to improve it by
a further step in the partial-draining case considered
here. Let us note that B = aHaT has the same structure
as the equilibrium correlation matrix M (see eq A-5);
the blocks Bo on the main diagonal and B; outside it
comprise the hydrodynamic interaction among atoms
within the same arm or belonging to two different arms.
Postmultiplying eq 9 by X and remembering eqs 5a,b,
we get

O/ v
gL—Y (15)

- lZL’MbI}Jckalock -
where Y’ is a transformed Brownian velocity (Y =
1YX), 0 = (3ksT)/({l2) is the bond rate constant and
Dok = X"“BX is the block-diagonal matrix analogous
to Mbiock.

In the free-draining approximation,'4 H reduces to the
unit matrix and B = aaT is diagonalized by V or,
equivalently, Dylock is diagonalized by the same matrix
as Mok, that is, by W, in the case of the phantom chain.
This diagonalization is not guaranteed in the presence
of the hydrodynamic interaction, but, in analogy to what
is found for the linear chain,!! D = WTDy,a'W is
expected to be almost diagonal. Therefore, by applying
the W transformation to eq 15 we have

—oLy D — z‘?t'i‘ =Y (16)

where 7! and LL are given by eqs 6a,b and Y” is a new
transformed Brownian velocity, The block structure of
»~1D is reported in the Appendix (see eq A-8). Note that
the equilibrium expansion of the polymer affects both
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the elastic force per normal mode through y=1 and the
strength of the hydrodynamic interaction through D,
hence through H (see eqs 11, 12, and 7).

The dynamical normal modes, collected in the vector
array ., and the spectrum of relaxation times are
obtained by diagonalization of y~!D through the Z
matrix:

Z Yy 'D)Z = (op)! (diagonal)
=Lz (17a)

77! and Z have the same block structure as y~! (or y for
that matter) and W:

(17b)
Therefore, we can split the eigenvalue problem of eq 17
involving an N x N matrix in two eigenvalue problems
involving (N/f) x (N/f) matrices, corresponding to the
even modes of unit multiplicity and to the odd modes
of multiplicity (f — 1). The eigenvalue equations are

Z.'a'D.Z, = (or)™" even modes (18a)

Z,'p'DZ, = (or)" odd modes (18b)
where D, and D, are the blocks making up D (see also
eq A-8).

Finally, the relaxation times of the even modes are
given by the elements 7. and of the odd modes by the
element 7, of the above matrices (¢ =1, 2, ..., N/f). The
dynamical normal modes can be expressed in terms of
the bond vectors array L as

L=14VZ) (19)

The Langevin equation is now decoupled and can be
solved through standard procedures,217 the dynamic
averages of interest may then be calculated in a
straightforward way.

In the following we focus our attention on the hydro-
dynamic radius and on the intrinsic viscosity, which
depends only on the spectrum of the relaxation times:!

N kgT Nf NIf
A St + - D3] 20
k=1 k=1

1= 2Mn,

where M is the molar mass and Na, is Avogadro’s
constant.

Numerical Calculations

The diagonalization of oD, and of #~D, was per-
formed numerically, as anticipated; the strain ratios
of and 8} (i.e., the elements of the diagonal matrices o
and f) were taken from our previous results in tabular
form both for good-solvent!® and for @-solvent!® expan-
sion. The reduced friction coefficient per chain atom,
t/6mnsl, was set equal to 0.25 in agreement with current
estimates.?1213.18 Ag said in the preceding section, the
matrices o~ 'D, and of 1D, are almost diagonal; in
either case the off-diagonal terms are nonnegligible
compared to those on the main diagonal only for the
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most collective modes (i.e., the modes with a low &
index). Therefore, in order to save computer time we
diagonalized the 25 x 25 upper-left blocks only, keeping
otherwise the diagonal terms with larger mode indices.
We checked that this entailed a negligible error on the
relaxation times throughout the computations. Al-
though the eigenvalue eqs 18a,b involve diagonalization
of two nonsymmetrical matrices, the eigenvalues, i.e.,
the elements of 771, are always real.

The Zimm—Hearst approximation,!!!° consisting of
retaining only the diagonal terms of ~'D. and gD,
slightly underestimates the relaxation times of the most
collective modes, but is entirely adequate for more
localized modes, and so the intrinsic viscosity is affected
to an even smaller extent (see eq 20). Bloomfield and
Zimm?® showed that the error entailed by this ap-
proximate procedure is very small for the linear phan-
tom chain. However, this result has a general validity,
at least if one is concerned with the intrinsic viscosity:
the relative error in [#] is about the same for linear and
branched chains in any solvent condition, being anyway
less than 2%.

The Phantom Chain

This is the familiar bead-and-spring chain already
considered by Zimm and Kilb,! forming our reference
model. It is recovered in the present formalism by
setting a = 2 = 1, whence the interatomic mean-
square distances are given by <"§‘) = [2|i — j| for atoms
on the same arm and by (r;"j) = [2(; + j) for atoms on
different arms. The relaxation times of the (f — 1)-times
degenerate odd modes are independent from f, since
these modes have a node at the branch point! and
therefore contribute to the noncorrelated motion of the
arms. Conversely, the even modes have no such node
and contribute to the concerted motion of the arms. The
corresponding relaxation times are thus affected by the
arm number, somewhat increasing with f for a given
mode index, and the errors entailed by the Zimm-—
Hearst approximation!!:1® may become rather serious.
As an example, the relaxation time of the first odd mode
(showing by far the largest error) is underestimated by
less than 2%, whereas for the first even mode the error
amounts to about 1.3% for f = 2, and up to 33% for f =
18. On the other hand, the odd modes dominate for
stars, the more so the larger is f, due to the different
multiplicities (see eq 20), and the intrinsic viscosity is
affected only slightly. The same relative errors also
apply to the good-solvent case, where the full numerical
procedure is more lengthy, thus supporting the general
validity of the Zimm—Hearst approximation. In other
words, even in the presence of the hydrodynamic
interaction the free-draining normal modes yield the
correct intrinsic viscosity to a very good approximation
in any solvent condition. However, in the following we
shall report for completeness the results obtained with
the full procedure.

The intrinsic viscosity of the phantom polymers is
proportional to N12 in the long-chain limit, whereas
plots of [#],w/~/N are linear with N-12 due to the finite
size of the molecules. Therefore, the topological ratio
gih = [#lpnsta[7)on1in displays some weak molecular
weight dependence. At large N the best-fit linear
regression may be written as

g =g (1 + a/v/N) (21a)

gflfl, and ar being reported in Table 1. Within numeri-
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Table 1. The Intrinsic-Viscosity Phantom Polymer and 6
Polymer Topological Ratio g,,.. and the Coefficient as for
Different Values of f (See Eq 21), and the Topological
Ratio of the Hydrodynamic Radius gg,.. for the 6 Star
(for the Phantom Polymer see Eq 23)

phantom (C]

f g ar 8o af 88
6 0.6955 +0.0177 0.7197 —0.2655 0.8081
12 0.5149 —0.0606 0.5855 —1.5086 0.6636
18 0.4272 -0.1316 0.5514 —3.3256 0.5971

cal errors, the asymptotic values are equal to those
obtained by Zimm and Kilb:! in fact, in the limit N — o
the hydrodynamic partial draining considered here
coincides with the impermeable-coil, or Zimm, limit!!
used in ref 1. Therefore, ggf‘,, is also given to within 1%
by the approximate expression of Zimm and Kilb!
employing only the sums 237.; and 21, pertaining to
the linear chain:

g = (%)3/2 [0.334 + (F— 1)0.666]  (22)

[7]ph,star may be eventually obtained through gs"l, and
[#7]ph,tin, Where (see also ref 11)
() 1n = (2.84 x 10P)°V/N/M, (21b)
Here, M, is the molar mass per chain atom and the
mean-square length /2 may be written as C../2, C.. being
the characteristic ratio and / the chemical bond length.
Similar results apply to the hydrodynamic radius:
Ruph is asymptotically proportional to NV2, while for
finite chains we find a linear relationship between Ry o1/
N and N-V2, Correspondingly, the topological ratio
&1 = Ry sta/RH 1in follows an equation similar to eq 21a.
Within numerical accuracy, related to the extrapolation
to N"V2 — 0, g%}_‘,, is given by

£ 23
2—F+V2(f-1) (232)

Again, for the phantom polymer Ry stor is obtained from
this equation and the relationship!?

Ryjin = %(%N)ml

Good-Solvent Expansion

ph _.
SHe =

(23b)

The calculations were carried out for the linear chain
and the 6-arm star having N/f = 200 in order to use
previous numerical results!® of o and 82. In ref 15, we
showed that the equilibrium “normal” modes of eq 6 are
not strictly orthogonal under large expansion; however,
they produce off-diagonal elements in the a and g
matrices that are smaller than the diagonal ones by at
least 1 order of magnitude in the worst case (i.e., the
most collective modes of the 6-arm star under large
expansion). A fortiori, their effect on the mean-square
interatomic distances and radius of gyration is even
smaller, so that they can be neglected to a very good
approximation. Accordingly, here we shall use only the
diagonal terms of a and B obtained with the full
procedure of ref 15.

In comparison with the phantom-chain model, the
effect of chain expansion is 2-fold: (1) the elastic force
in the dynamic equation decreases, due to the greater
correlation among bond vectors (the elements of M are
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larger, see eqs 3); (2) the hydrodynamic interaction
becomes weaker due to the larger interatomic separa-
tion ({r; 1y decreases upon chain expansion, hence the
elemenés of H become smaller, see eq 11). In the
dynamic eq 16, factor 1 translates into smaller values
of the elements of the diagonal matrix -1 and factor 2
into smaller values of the elements of the quasi-diagonal
matrix D. As a result, the relaxation times increase
with chain expansion compared to the phantom-chain
values, the more so the smaller the mode index % is (i.e.,
the more collective is the mode). The increase of 7.;
and 7,4 is mostly due to the increasing strain ratios
(12 and ﬁf, respectively, while the hydrodynamic inter-
action undergoes a relatively minor change, since it
depends only on the reciprocal averages {r; Ly,

A first result concerning the diagonalization of 1D,
and of 71D, (eq 18) is worthy of comment. As antici-
pated, the Zimm—Hearst approximation underestimates
the relaxation times, hence [#], roughly by the same
amount as with the phantom chain, both for the linear
polymer and the 6-arm star (about 2% for 7). As a
consequence, for both architectures the (1 ratio, de-
fined as

3 [77]
RATT

(24)

is unaffected to within 0.2% by this approximation
compared to the full procedure The same conclusion
applies to the topological ratio g, = [#]star/[7}iin, the star
superscnpt denoting the good-solvent state.

For a given arm length (N/f = 200 in our case) and a
given reduced temperature 7 = (T — ©)/T, the 6-arm
star shows a larger a than the linear chain; this is due
to the larger number of repulsive interactions because
of the larger total number of atoms. Conversely, the
star structure has two contrasting effects: on the one
hand, it produces a larger density near the star core,
which enhances the overall expansion; on the other, it
provides a topological constraint at the branch point
opposing such expansion and leading to a loss of
correlation across the branch point.!® As a result, the
star expansion is highly nonaffine, being concentrated
near the branch point within each arm. Therefore, it
turns out that the linear and the star polymer have very
s1m11ar expansion factors ag = (S2/(S%), with af .. 2
(13 lin» @8 a function of the umversal variable z = 7Bv/N.
For later reference, the plots of o vs z obtained in ref
15 can be well approximated in the range z < 2 with
the analytical expressions

oy = [1 + 95712 + 17.82% + 79.3°"
f =2 (linear) (25a)

=[1 + 10.866z + 14.42% + 98.92°1%*5
f = 6 (star) (25b)

2
aS,star

The coefficients of the terms linear with z within square
brackets yield the exact first-order perturbative re-
sults,2? whereas the exponent gives asymptotically (S2)
o N?*, with the Flory exponent 2v = 6/5. In both cases
the largest relative error of the analytical fit to the
numerical results is about 1% for z ~ 1, being otherwise
quite smaller. These equations show that, for a given
z, the 6-arm star is slightly more expanded than the
linear chain throughout the good-solvent regime. The
topological ratio gs is expressed as
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2 2
g* _ <S >star _ pho*S,star
s 2 88 9
(8Min g lin

(26a)

where??

3f - 2
g =
f

Due to the inequality o.s star o.s 1in» We have gg > g2
throughout the range z > 0, with the asymptotic value
gS =1 03g§ for z — . This result is in good agree-
ment with renormalization group calculations and with
experiment (see ref 2 and references therem)

For the same reason as discussed for o.s, plots of a
vs z = tB+/N for the linear and the 6-arm star are agaln
rather close to one another (see Figure 1); however,
0.3 star 18 marginally larger than aﬂ lin at intermediate z,
then becomes somewhat smaller at larger z. (Note
incidentally that, since in a good solvent z = tB+//N is
the universal variable uniquely determining the strain
ratms of and B2, it is also the universal variable for
a in the present approach.) The numerical results are
well approx1mated by analytical expressions analogous
to those in eqs 25:

(26b)

=[1+ 8.291z + 2.9122%]*1°
f =2 (linear) (27a)

17 lin ™

=[1 + 3.616z + 2.3512%1%%°
f =6 (star) (27b)

(1,7 star —

where the exponents outside the square brackets yield
the asymptotic relationship [#] «« N¥5, The perturbative
results cannot be well reproduced because of the use of
the Gaussian approximation for {r; 1, as also found in
a previous work;2 therefore, we chose to fit the results
at larger z only (z = 0.5) in order to extrapolate more
confidently to z — ; the fitting error was anyway less
than 0.5% throughout the z range shown in Flgure 1.

Equations 27 show that ov.,ZstaLr is larger than o olin &b
small z, whereas the opposite is true at large z. "As a
result, proceeding in analogy with gs, and writing

* [n]star haf/star
g = = gth (28)
T [l d ai,hn

we have for g a small increase over gP at a small
expansion (small 2), but a pronounced decrease at lar-
ger z. This behavior is due to a subtle interplay of the
rate of change with 2z of the elastic force and of the
hydrodynamic interaction in the linear vs the star
polymer.

Figure 2 reports the plot of g,;, as a function of z
calculated with the interpolating eqs 27a,b and gph of
the previous section. (The number of atoms is large
enough that the difference between g7 " and g
utterly negligible.) The solid line indicates the range
of z over which eqs 27 were fitted, whereas the dotted
curve is extrapolated. The asymptotic value for the
6-arm star levels off at a value equal to 0. 938g . This
decrease with respect to g is in sequuanutative
agreement with experimental results, which show some
scatter of g, in the range comprised between 5 to 10%
below the © value, apparently depending on the poly-
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o3y
2.00 -
]
1.50 A
1.00 e ——
2 -15 -1 -0.5 0

logz

Figure 1. The expansion ratio 0.3 = [#VInln of the linear
chain and of the 6-arm star in a good solvent plotted as a
function of the universal variable z = tB~/N giving the
strength of the excluded volume (see text).

0.71

0.69 1

0.67 W \

0.65 T —_ —

-2 -1 0 1 2 3
logz

Figure 2. The topological ratio g; = [9)star/[17)in for the 6-arm
star in a good solvent as a function of z (see also Figure 1).
The solid curve indicates the range of z wherein the numerical
calculations were actually performed and the dotted curve the

extrapolated results obtained with eqs 27 and 28 and g,,h =
0.6955 (see text and Table 1).

mer. In particular, g; appears to be somewhat larger
for polyisoprene® than for polystyrene,” hence closer to,
although smaller than, the experimental g°.

Conversely, the hydrodynamic radius follows the
same expression pattern as the radius of gyration.
Thus, the calculated expansion ratio over the phantom-
chain value, oy = Ru/Run may be written as

O 3 = [1 + 3.91z + 3.802°1/%°
f=2 (linear) (29a)

Oy ooy = [1 + 4.682 + 6.5122120
f= 6 (star) (29b)

which again does not reproduce accurately the pertur-
bative results. The hydrodynamic radius is determined
by the reciprocal averages {r;') only and follows the
same pattern as the radius o? gyration, with apgsar >
OHlin throughout the good-solvent regime. As a conse-

quence, the topological ratio g;I, defined by

* RH,star _ phaH,star
8u =

(30)

= H
Ry tin Of lin
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is always larger than gﬁh with an asymptotic value g;I

= 1.055g}'ﬁ1h for z — <, a result in reasonable agreement
with experimental values (see ref 2 and references
therein). The larger increase of the topological g ratio
of the linear quantity Ry compared to that of the
(quadratic) quantity (S2) is related to the larger expan-
sion of short strands close to the branch point which
affects the former dimension to a much larger extent.

As a conclusion of this section, we note that the
calculated plot of g, is qualitatively similar to that of
the ring polymer:2?4 1n fact, like the star, the ring has a
larger intramolecular density than the linear chain due
to topological constraints. Incidentally, the results for
the intrinsic viscosity of the ring are qualitatively
consistent both with exact perturbative results (not
available for stars, to the best of our knowledge) and
with experimental data and renormalization group
results at large expansion.24

The O State

The © state is experimentally attained at the tem-
perature at which the second virial coefficient vanishes,
that is, when the molecules are noninteracting in pairs.
Since the repulsive three-body interactions between two
molecules must be compensated for by temperature-
dependent two-body attractions, it turns out that in a
star polymer the ® temperature must be lower than in
a linear chain, even more so the larger is f and/or the
smaller is N/f.25-27 In fact, because of its topology, the
star has a larger multiplicity of three-body repulsions
between two molecules than a linear chain. However,
if the molar mass is very large, the region close to the
branch point has a negligible effect and a universal
asymptotic ® temperature is reached.25-27

This compensation of two- and three-body intermo-
lecular interactions brings about an analogous compen-
sation of the corresponding intramolecular interactions
within the linear chain, but not within a star. In the
latter, three-body repulsions among three atoms on
three different arms are inherently noncompensated by
two-body attractions, since no intermolecular counter-
part exists.!® To put it differently, the most important
three-body repulsions arise among relatively close at-
oms; if two of the three atoms belong to the same arm,
they can be included into a single renormalized “atom”
in a coarser grained description, and the interaction
reduces to an effective two-body interaction. No such
renormalization is possible if the three atoms belong to
three different arms. As a result, the star has a finite
expansion with respect to the phantom chain, unlike the
linear chain, and g§ is larger than both g§® and gj.
Furthermore, it is not a universal ratio since it depends
on the three-body interaction parameter. These theo-
retical results are in good agreement with experiment.1®

Turning to the intrinsic viscosity, the qualitative
arguments put forward at the beginning of the previous
section hold again: the © expansion of the star,
although finite and much smaller than in a good solvent,
makes o.,f, ,B,f = 1, the equality sign holding for all but
the most collective modes, and so (r; Ly < (ry l)ph.
Therefore, in the ® state the relaxation times of the star,
hence the intrinsic viscosity, must be larger than in the
phantom chain. The molar-mass dependence of [77)star
is similar to that of the phantom chain, hence of gf? as
well (see eq 21); g:,, and as for this case are reported in
Table 1 and indeed g° > g™ (remember that the linear

chain in the © state is well described by the phantom
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chain). However, this theoretical prediction is ruled out
by experiment, since g,, is 1nvanably found to be
smaller than the calculated value g7 b unlike the cor-
responding gs values. According to that discussed
above, whatever the analytical details, this result is
someWhat puzzling.

Let us point out in this context that the hydrodynamic
radius Ry does show the expected behavior, unlike the
intrinsic viscosity.>%? Because of the residual three-
body expansion of the star, we must have the same
trend as calculated for the mean-square radius of
gyration, namely gg > gf{h. (Table 1 reports the values
for the © state in the N — o limit, while those for the
phantom chain are given by eq 23.) In full generality,
this inequality should therefore hold for all the topologi-
cal ratios discussed here. This is in agreement with
experiment for (S?) and, qualitatively, for Ry, but not
for [#]. The most likely explanation put forward for the
latter discrepancy resides in the treatment of the
hydrodynamic interaction, in particular the preaverag-
ing approximation. Freire et al.,1° following earlier
suggestions by Zimm?232? and Fixman,3° used computer
simulations to generate instantaneous conformations
wherefrom appropriate averages are obtained with non-
preaveraged hydrodynamic interaction. In this way,
they showed that the preaveraging approximation over-
estimates the intrinsic viscosity by an amount which
depends both on the solvent quality and on the star
functionality.l® The relative error amounts to about
10% for linear chains and to 47% for 12-arm stars in a
good solvent, but rises respectively to 25% and to 90%
in the @ state, roughly reflecting the density increase
near the branch point. Therefore, the errors entailed
by preaveraging may be quite serious in the case of the
intrinsic viscosity for polymers with locally large densi-
ties of atoms for topological reasons. If we applied these
corrective factors to our results of Table 1, they would
be in reasonable agreement with experiment, whereas
the phantom-chain results would become too small.
Conversely, similar computer simulations suggest that
the hydrodynamic radius is underestimated by a smaller
amount weakly dependent on the number of arms;2°
however, the errors are not large enough to alter
qualitatively the results.

On the other hand, the possibility of some concentra-
tion-dependent intramolecular screening within stars
is effectively ruled out by experiment, since it decreases
the off-diagonal terms within the H matrix (see eq 11),
thus increasing the relaxation times, hence the intrinsic
viscosity and the calculated g”@ ratio.

Concluding Remarks

A self-consistent theory of the equilibrium and dy-
namics of star polymers in dilute solution is proposed.
We employ in either case a normal mode description of
the molecule. The equilibrium modes are obtained from
diagonalization of the matrix M formed through the
scalar products among the bond vectors.'%15 These
normal modes allow an easy (numerical) calculation of
the interatomic distances, hence of the radius of gyra-
tion and of the hydrodynamic radius, and provide the
dynamical normal modes in the free-draining limit.14
In turn, these form a first-order approximation to the
true dynamical normal modes under partial-draining
conditions. In the present paper, the spectrum of
relaxation times, hence the intrinsic viscosity, is calcu-
lated from equilibrium results obtained in previous
papers for different solvent conditions, namely good-

Macromolecules, Vol. 28, No. 4, 1995

solvent!® and @-solvent!® conditions. The effect of chain
expansion on the elastic potential and on the hydrody-
namic interaction is accounted for and the correct
normal modes are obtained by numerical diagonaliza-
tion of the matrix embodying them (y~'D in eq 17)
formed through the equilibrium normal modes. The
relaxation times of the modes describing the concerted
motion of the arms are somewhat increased by the
diagonalization compared to the diagonal terms of 1D,
even more so with a larger number of arms. However,
this increase is negligible for the modes describing the
independent motion of the arms, which are the most
important because of their larger multiplicity. As a
result, the intrinsic viscosity is not greatly affected by
the complete procedure, thus lending support to the so-
called Zimm—Hearst approximation of using the free-
draining normal modes insofar as the intrinsic viscosity
is required.

The approach was applied to the linear chain and the
6-arm star in a good solvent. The results obtained in
ref 15 (equilibrium properties) and in the present paper
(dynamical properties) are expressed through the ex-
pansion factors of the mean-square radius of gyration,
of the intrinsic viscosity and of the hydrodynamic
radius, with respect to the corresponding theoretical
phantom polymer. The numerical values are sum-
marized by the analytical expressions of eqs 25, 27, and
29, which form the basic results. Using these equations
together with eqs 26, 28, and 30, and the g values of
the phantom chains (see eqs 26b and 23 and Table 1)
we get the topological g ratios between the correspond-
ing properties of the star and of the linear polymer, for
a given molecular weight.

In the good-solvent regime, the star expansion is
mostly concentrated within the arms, and both the
mean-square radius of gyration (S2) and the hydrody-
namic radius Ry increase (with respect to the hypo-
thetical phantom-chain model) slightly more than in the
linear chain (eqs 25 and 29). Therefore, the correspond-
ing g ratios are very close to, but always larger than,
the phantom-chain values. Conversely, the interplay
between the rate of change of the elastic potential and
of the hydrodynamic interaction is more subtle and the
relative increase of the intrinsic viscosity may be either
larger or smaller in the star than in the linear chain,
depending on the expansion regime (see eqs 27 a,b and
F1gure 1). As aresult, the topological ratio g = []star/
[7]in is close to the phantom chain value (see Table 1
and Figure 2), being slightly larger in the vicinity of ©
(i.e., in the perturbative range), but somewhat smaller
by a few percent in the asymptotic good-solvent region.
In this case, the preaveraging approximation has a
minor effect, since we are considering a relatively lightly
branched star (f = 6) in a good solvent, therefore without
a large density near the branch point. Conversely, in
the O state the residual three-body repulsions surviving
within the star increase both {(S2) and Ry compared with
the phantom chain, unlike the linear chain where such
1nteractlons are effectively missing; this should lead to
a larger g ratio. This predlctlon is not borne out by
expemment the preaveraging approximation being the
major source of the observed discrepancy. However, this
approximation is much less severe for the hydrodynamic
radius, so as not to alter qualitatively our results To
sum up, we predict the inequalities g}’ < g < g% the
& subscript being either S or H (i.e., re ?atmg to (S%) and
to Ry). These results are in agreement with experi-
ment, unlike the corresponding viscosimetric ratios: our
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results 1nd1cate g,7 < g,] < gﬂ , whereas the experimen-
tal finding is g, < g,, < g,, Interestingly, Douglas and
Freed?3! showed that the dominant excluded-volume
contribution to {S2) and to Ry is expressed by topology-
independent functions (eq 2.4 of ref 2), which therefore
cancel out when forming the corresponding g ratios.
Thus, the latter depend only very weakly on excluded
volume and are very close to g®

Among the theoretical approaches to the dynamics of
star polymers going beyond the pioneering work by
Zimm and Kilb,! we mention those by Guenza et al.,3*
who included the effect of chain stiffness through the
use of a suitable freely rotating model, but otherwise
adopted a phantom-chain model in that long-range
interactions were neglected. They first adopted* a
partially stretched model with a larger stiffness in the
central part of the star due to the local density.
Alternatively, they considered? a star whose flexibility
at the branch point increases with an increasing arm
number. Being concerned with the local dynamics, they
focussed their interest on the spectrum of relaxation
times, from which they got, for example, the bond
relaxation times, measured in NMR experiments.

A different approach was adopted by Sammler and
Schrag,® who took into account the effect of chain
expansion on the hydrodynamic interaction either
through simple scaling relationships or from previous
renormalization results to evaluate the reciprocal aver-
ages (r; b, However, they entirely neglected the effect
of chain expansion on the elastic potential. In terms of
our dynamic eq 9, they accounted for the decrease upon
good-solvent expansion of the hydrodynamic interaction
in the B matrix, but not for the corresponding change
in M1, which yields the elastic potential. Their results
appear therefore questionable for this approximation.

In these treatments, as well as in our approach, the
hydrodynamic interaction was included in the preaver-
aging approximation, which is somewhat in error even
for the linear chain, in particular for the intrinsic
viscosity. In the star, this error increases with the arm
number, but in good solvent it is still similar to that of
the linear chain up to about 6 arms, so that it largely
cancels out when the appropriate topological ratios are
taken. On the other hand, the hydrodynamic radius is
much less affected by preaveraging, and in a way that
does not qualitatively alter the results.

Acknowledgment. This work was financially sup-
ported by the Italian Ministry of University and of
Scientific and Technological Research (MURST, 40%)
and of the Italian Research Council (CNR, Progetto
Finalizzato Chimica Fine e Secondaria).

Appendix
The correlation matrix M in eq 3 is reduced to the

block-diagonal form M.k through the matrix X (see eq

5), where (¢ = 27/f)

[E E E

E Eeisv Eei2¢ « o Eei(f—l)zp

X = f—1/2 E Eei%® Eel? c oo Rel2fDe

E 9

. . . . .
. . . .

i(f~1) 12(F—1) o ..
|E EeVr Ee2fve

i(Ff—~1)2,
Eel™V ? ]
(A-1)

The second step in the diagonalization of M involves a
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transformation of My + (f — 1)M; and My — M; (see eq
5) through the matrices W, and W,, respectively with
elements (N/f > 1)

W, = Csinl(h — 1 + 1/)gy]

W, = C cosl(h — Yy)gz 4]

2
C= 12
(75 +1)
=_7P (A-2)
T 21-;;’+ 1

In the above, the e and o subscripts stand for for the
even and odd values of the p index of the Fourier
coordinate g,, a small p corresponding to collective
modes, and a large p to local modes. Sending the
interested reader to ref 15 for more details, we write

W. MM, + (f — DM, }W, = I’a

W M, - M, W, =8 (A-3)

o and f being diagonal matrices denoted in the text as
strain ratios of the normal modes. In the phantom
chain they reduce to the identity matrix of order N/f x
N/f. The matrix V (see eqs 4 and 6) is given by

€ Wo

W,

V=XW= (A-4)

o

As for the dynamic eq 9, after some tedious algebra, we
have, from eqs 11, 13, and 14

BO B1 oo By
Beaga= | X LD

(A-5)
B, B, ... B,

where the (N/f) x (N/f) matrices By and B; comprise the

intra- and interarm contributions, respectively, the

branch point entering both matrices. They can be

expressed as the sum of a free-draining term and of a
hydrodynamic interaction term as follows:

B,=BY + GnCr]Sl Bl (A-6a)
B, =Bl +_t _pN (A-6b)

6.7[773l

where the free-draining matrices are given by
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2 -1 0 <+ O
-1 2 -1 :++ 0
Bf=|0 1 2 v 0
oosoro Tl
0 0 0 -1 2

1 0 «++ 0

” 00 -0

By=i: 1 . | @&Ta)
00 0 O

and the hydrodynamic-interaction matrices by

(Bgi)_,=<L> +< ! > _< z> _< z>
U Figln  Vi-yy-1/11 Vi-iinn Vij-1/u

SRR
Tigliz  Vi-1j-1/12  Vi-15/12 Vij-1/12

(A-Tb)

(The 11 and 12 subscripts refer to atoms on the same
or on different arms, respectively.)

B is first transformed in the block-diagonal form Dhocx
(see eq 15) through the matrix X, and then into the
quasidiagonal matrix D through the matrix W, in
analogy to that done above for M. The structure of y!D
(see eq 16) is therefore

«aD, 0 -+ 0
o= 0 PP s
0 o .- gip,
where we defined
o 'D, = o'W, B, + (f — 1)B,I'W,
BD, =p'WS B, - B,}W,  (A-8b)

It may be seen from these expressions that the matrices
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to be diagonalized are nonsymmetrical; furthermore, eqs
A-6 show that the relaxation rates (see eqs 18) can be
expressed as the sum of a free-draining part and of a
hydrodynamic interaction part.
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