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ABSTRACT: The dynamics of a regular star polymer is investigated under good-solvent and 0 conditions. 
A self-consistent approach to the equilibrium and dynamics is proposed within the Gaussian approximation 
in terms of the polymer normal modes, i.e., suitable statistically-independent linear combinations of the 
bond vectors. The equilibrium normal modes used to study the star expansion through self-consistent 
free-energy minimization (see AUegra, G.; Colombo, E.; Ganazzoli, F. Macromolecules 1993,26,330) form 
a first-order approximation to the dynamical normal modes under partial-draining conditions. The latter 
modes are obtained by diagonalization of a matrix that depends on the intramolecular elasticity and on 
the hydrodynamic interaction in the preaveraging approximation, the effect of chain expansion on both 
being easily accounted for. If the equilibrium normal modes are used, the relaxation times, from which 
the intrinsic viscosity is calculated, are somewhat in error only for the collective modes describing the 
concerted motion of the arms, unlike those related with the independent motion of the arms; on the 
other hand, they yield the intrinsic viscosity to a very good approximation, thus avoiding the lengthy 
diagonalization. Numerical results for regular stars and linear chains are summarized by analytical 
equations giving the mean-square radius of gyration (S2), the hydrodynamic radius RH and the intrinsic 
viscosity [VI. The influence of the topology is expressed through the ratios gQ = Qstar/Bh, Q being any of 
the above quantities. In a good solvent, the star is only slightly more expanded than the linear chain, 
and so the g ratios are very close to the theoretical phantom-chain value both for (S2) and for RH. 
Conversely, [VI increases less in the star than in the linear chain because of the different rate of change 
with expansion of the intramolecular elasticity and of the hydrodynamic interaction, and so the 
corresponding g ratio is lower than the phantom-chain value. In the 0 state, the residual three-bpdy 
interactions give a finite expansion to the star, unlike the linear chain. Therefore, we have gih 5 gg 
g: for (S2) and RH, in agreement with experiment (the asterisk refers to the*good-solvent conditions); on 
the other hand, we get g: g; < g;h. The reason for 
this discrepancy is attributed to  the preaveraging approximation, which becomes questionable for stars 
in the 0 state because of their large density near the branch point. 

gtjh g;, whereas the experimental finding is g, 

Introduction 

The dynamics of a regular star polymer has been 
studied both theoretically and experimentally;’-1° in 
particular, viscosimetry is routinely employed to inves- 
tigate molecular weight and solvent effects because of 
its experimental simplicity. On the other hand, theo- 
retical results were basically concerned with @-state 
phantom-chain models, either flexible,l or  tiff,^?^ fol- 
lowing Zimm’s methodll within the usual preaveraging 
approximation for the hydrodynamic interaction. To the 
best of our knowledge, the only approach to the good- 
solvent state was attempted recently by Sammler and 
SchragS through an approximate extension of the Zimm- 
Kilb phantom-chain descripti0n.l 

A number of problems exists in improving the Zimm- 
Kilb description of the dynamics of phantom-chain stars, 
as pointed out most clearly by Douglas, Roovers, and 
Freed in a recent review.2 These problems may be 
summarized as follows: (1) chain expansion both in a 
good solvent and in the 0 state (because of residual 
ternary interactions) modifies the normal modes; (2) the 
hydrodynamic interaction decreases because of coil 
expansion, leading to partial-draining effects; and (3) 
preaveraging of the hydrodynamic interaction may 
affect the results in a way that appears to depend on 
the polymer topology, according to computer simula- 
tions.1° The interplay of these effects modifies the 
spectrum of relaxation times, hence the intrinsic viscos- 
ity, in a rather intricate and nonobvious way. 
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In the present paper, although still retaining the 
preaveraging approximation, we address points 1 and 
2 above by applying to  regular stars our self-consistent 
approach to the equilibrium and dynamics of polymers.12 
We use a coarse-grained bead-and-spring model, al- 
though retaining for simplicity the names of “atoms” and 
‘’bonds” to indicate the beads and the connecting springs. 
Linear and star polymers are compared through ap- 
propriate ratios of the calculated quantities, so as to 
bring out the effect of topology. Examples of these ratios 
are g ,  = [vlstar/[vllin, gs = (S2)star/(S2)lia, and g H  = R~,starl 
Rayi, at the same molecular weight, where [VI is the 
intrinsic viscosity, (S2) the mean-square radius of gyra- 
tion, and RH the hydrodynamic radius. In the good- 
solvent case linear and star polymers will be compared 
at the same value of the universal variable zBdN, where 
N is the total number of atoms, B an adimensional 
parameter proportional to the effective covolume per 
skeletal atom, and z = (T - @)/T the reduced tempera- 
ture. 

In order to calculate the intrinsic viscosity, we focus 
our attention on the spectrum of relaxation times, which 
are obtained from an appropriate Langevin equation 
expressed in terms of bond, instead of atom, coor- 
d i n a t e ~ . 3 , ~ J ~ - ~ ~  The corresponding equation for a star 
polymer was first derived in general form by Guenza 
and P e r i ~ o . ~  

Basic Equations 
We consider a regular star with f arms and N total 

bonds, hence with Nlf bonds per arm. These will be 
numbered sequentially from 1 to N/f  starting from the 
branch point and we associate to each bond a vector I(r)- 
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(h) oriented outward, the superscript r denoting the arm 
number (r = 1, 2 ,  ..., f ) .  R(')(h) denotes the vector 
position of the hth atom on the rth arm, and we have 
I(')(h) = R("(h) - Rcr)(h - l), the zeroth atom of each 
arm being the branch point. The bond vectors are 
collected in the vector array L: 

L = [1(1)(1)1(1)(2)...1~(N/f)1 (1) 

and their average scalar products define the N x N 
correlation matrix M: 

Mo + cf- 1)Ml 0 ... 0 .  
MO-Ml * a *  0 

(54 
0 
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so that V = X*W in eq 4 and we have 

1 

M = (LT*L) (2) 

The structure of M, which will be later of relevance, is15 

M =  . (34 

lMl Ml :. Mol 

1 SJ 
The elements of a and B, ai and &, k = 1,2 ,  ..., N/f ,  are 
the strain ratios of the mean-square amplitudes of the 
normal modes. For the bead-and-spring polymer with 
no correlation among the bond vectors, M/12 reduces to  
the unit matrix, and so does y.  Conversely, the ele- 
ments ai and are larger than unity in case of chain 
expansion with respect to the phantom chain, and 
smaller in case of contraction. Note that the collective 
modes have a small k index, whereas the local modes 
have a large k index. 

Knowledge of the normal modes L and of their mean- 
square strain ratios ai and & allows the calculations 
of the mean-square interatomic distances (r2.) between 
atoms i a n d j  on arms r and s, respe~tively:~~ 

12 Nlf 

The mean-square radius of gyration (S2) and the hy- 
drodynamic radius RH are given by 

(S2) = [2(N + 1)"-'c(r$) 

where the double sums run over all the star atoms. Note 
that (S2) can also be written as a single sum over the 
normal modes through eqs 7a,b. 

Numerical values of ai and ,8f were recently ob- 
tained by us from self-consistent free-energy minimiza- 
tion both in the case of good-solvent expansion15 and of 
@state expansion16 (see later) and they will be used as 
such in the following. 

Within the generalized Gaussian approximation, M 
entirely determines the elastic forces acting on the chain 
a t ~ m s , ~ J ~ J ~  and the Langevin equation is3J4 

(9) 
a 
at -~K,T L-M-~.B - 5-L = Y 

5 being the atomic friction coefficient, Y the random 
Brownian force and 

B = aHaT (10) 

In turn, H is the preaveraged (N + 1) x (N + 1) 
hydrodynamic interaction matrix 



1078 Ganazzoli et al. 

'a, a, 0 0 .  
a, o a1 . - .  0 

,ao o o a,. 

a = .  . . . . .  . . .  * .  
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the elastic force per normal mode through y-' and the 
strength of the hydrodynamic interaction through D, 
hence through H (see eqs 11, 12, and 7). 

The dynamical normal modes, collected in the vector 
array 3 and the spectrum of relaxation times are 
obtained by diagonalization of y-'D through the Z 
matrix: 

(13) 

(11) 

where 7s is the solvent viscosity and the reciprocal 
averages are approximated through the Gaussian ex- 
pression 

(12) 

a , = (  ? -1 1 . . .  (14) 
. .  [ b ]  I b  

In order to decouple the equations making up the matrix 
equation 9, we switch to normal c o ~ r d i n a t e s ~ , ~ J ~ J ~ J ~  by 
diagonalizing the product M-lB. We first employ the 
two-step procedure used in the diagonalization of M 
through the matrix V = X.W, since this is the appropri- 
ate matrix for the phantom chain in the free-draining 
approximation.14 Afterward, we seek to improve it by 
a further step in the partial-draining case considered 
here. Let us note that B = aHaT has the same structure 
as the equilibrium correlation matrix M (see eq A-5); 
the blocks Bo on the main diagonal and B1 outside it 
comprise the hydrodynamic interaction among atoms 
within the same arm or belonging to two different arms. 
Postmultiplying eq 9 by X and remembering eqs 5a,b, 
we get 

(15) 

where Y' is a transformed Brownian velocity (Y' = 
<-'Y*X), CJ = (3kBT)/(5Z2) is the bond rate constant and 
&lock = X**B.X is the block-diagonal matrix analogous 

In the free-draining approxirnation,l4 H reduces to the 
unit matrix and B = aaT is diagonalized by V or, 
equivalently, &,lock is diagonalized by the same matrix 
as Mblmk, that is, by W, in the case of the phantom chain. 
This diagonalization is not guaranteed in the presence 
of the hydrodynamic interaction, but, in analogy to what 
is found for the linear chain,', D = w*&lock'w is 
expected to be almost diagonal. Therefore, by applying 
the W transformation to eq 15 we have 

to Mblock. 

(16) 

where y-' and L are given by eqs 6a,b and Y" is a new 
transformed Brownian velocity. The block structure of 
y-lD is reported in the Appendix (see eq A-8). Note that 
the equilibrium expansion of the polymer affects both 

Z-l(y-lD)Z = (a4-l (diagonal) 

y= L*z U7a) 

t - l  and Z have the same block structure as y-1 (or y for 
that matter) and W: 

(17b) 
Therefore, we can split the eigenvalue problem of eq 17 
involving an N x N matrix in two eigenvalue problems 
involving (N/f) x (N/n matrices, corresponding to the 
even modes of unit multiplicity and to the odd modes 
of multiplicity (f - 1). The eigenvalue equations are 

Z,la-lDeZe = (ore)-' even modes (18a) 

Z,1/3-1DoZ, = (ato)-' odd modes (18b) 

where De and Do are the blocks making up D (see also 
eq A-8). 

Finally, the relaxation times of the even modes are 
given by the elements re,,+ and of the odd modes by the 
element Zo,k of the above matrices (k = 1,2, ..., N/f). The 
dynamical normal modes can be expressed in terms of 
the bond vectors array L as 

-t"= L.(V*Z) (19) 
The Langevin equation is now decoupled and can be 
solved through standard procedures,12J7 the dynamic 
averages of interest may then be calculated in a 
straightforward way. 

In the following we focus our attention on the hydro- 
dynamic radius and on the intrinsic viscosity, which 
depends only on the spectrum of the relaxation times:l 

where M is the molar mass and NA" is Avogadro's 
constant. 

Numerical Calculations 
The diagonalization of a-IDe and of /3-lD0 was per- 

formed numerically, as anticipated; the strain ratios 
ai and (i.e., the elements of the diagonal matrices a 
and /3) were taken from our previous results in tabular 
form both for good-solventi5 and for @-solventl6 expan- 
sion. The reduced friction coefficient per chain atom, 
</6n7sl, was set equal to 0.25 in agreement with current 
e s t i r n a t e ~ . ~ J ~ J ~ J *  As said in the preceding section, the 
matrices a-lD, and of /3-lD0 are almost diagonal; in 
either case the off-diagonal terms are nonnegligible 
compared to those on the main diagonal only for the 
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Table 1. The Intrinsic-Viscosity Phantom Polymer and 8 
Polymer Topological Ratio gq,- and the Coefficient ap for 

Different Values off (See Eq 211, and the Topological 
Ratio of the Hydrodynamic Radius gw- for the 8 Star 

(for the Phantom Polymer see Eq 23) 

ph 

phantom 0 
e 

af g%- af gw- 
e 

f g?l,- 
6 0.6955 f0.0177 0.7197 -0.2655 0.8081 
12 0.5149 -0.0606 0.5855 -1.5086 0.6636 
18 0.4272 -0.1316 0.5514 -3.3256 0.5971 

most collective modes (i.e., the modes with a low k 
index). Therefore, in order to save computer time we 
diagonalized the 25 x 25 upper-left blocks only, keeping 
otherwise the diagonal terms with larger mode indices. 
We checked that this entailed a negligible error on the 
relaxation times throughout the computations. Al- 
though the eigenvalue eqs 18a,b involve diagonalization 
of two nonsymmetrical matrices, the eigenvalues, i.e., 
the elements of z-l, are always real. 

The Zimm-Hearst appr~ximat ion ,~~J~ consisting of 
retaining only the diagonal terms of a-lD, and B-lD,,, 
slightly underestimates the relaxation times of the most 
collective modes, but is entirely adequate for more 
localized modes, and so the intrinsic viscosity is affected 
to an even smaller extent (see eq 20). Bloomfield and 
Zimm20 showed that the error entailed by this ap- 
proximate procedure is very small for the linear phan- 
tom chain. However, this result has a general validity, 
at least if one is concerned with the intrinsic viscosity: 
the relative error in [ V I  is about the same for linear and 
branched chains in any solvent condition, being anyway 
less than 2%. 

The Phantom Chain 
This is the familiar bead-and-spring chain already 

considered by Zimm and Kilb,l forming our reference 
model. It is recovered in the present formalism by 
setting ai pi 1, whence the interatomic mean- 
square distances are given by (ri)  = 121i -jl  for atoms 
on the same arm and by (r;) = 12(i + j )  for atoms on 
different arms. The relaxation times of the (f - 1)-times 
degenerate odd modes are independent from f, since 
these modes have a node at the branch point’ and 
therefore contribute to the noncorrelated motion of the 
arms. Conversely, the even modes have no such node 
and contribute to the concerted motion of the arms. The 
corresponding relaxation times are thus affected by the 
arm number, somewhat increasing with f for a given 
mode index, and the errors entailed by the Zimm- 
Hearst approximation”Jg may become rather serious. 
As an example, the relaxation time of the first odd mode 
(showing by far the largest error) is underestimated by 
less than 2%, whereas for the first even mode the error 
amounts to about 1.3% for f = 2, and up to 33% for f = 
18. On the other hand, the odd modes dominate for 
stars, the more so the larger is f, due to the different 
multiplicities (see eq 201, and the intrinsic viscosity is 
affected only slightly. The same relative errors also 
apply to the good-solvent case, where the full numerical 
procedure is more lengthy, thus supporting the general 
validity of the Zimm-Hearst approximation. In other 
words, even in the presence of the hydrodynamic 
interaction the free-draining normal modes yield the 
correct intrinsic viscosity to a very good approximation 
in any solvent condition. However, in the following we 
shall report for completeness the results obtained with 
the full procedure. 

The intrinsic viscosity of the phantom polymers is 
proportional to  NJ2 in the long-chain limit, whereas 
plots of [vlph/dN are linear with N-l” due t o  the finite 
size of the molecules. Therefore, the topological ratio 
gfjh = [vlph,star/[v]ph,lin displays some weak molecular 
weight dependence. At large N the best-fit linear 
regression may be written as 

g:h = g::(l+ adJW (21a) 

gfjp and a f  being reported in Table 1. Within numeri- 

cal errors, the asymptotic values are equal to those 
obtained by Zimm and Ki1b:l in fact, in the limit N - = 
the hydrodynamic partial draining considered here 
coincides with the impermeable-coil, or Zimm, limitll 
used in ref 1. Therefore, g$,, is also given to within 1% 
by the approximate expression of Zimm and Kilbl 
employing only the sums &e& and &To& pertaining to 
the linear chain: 

g:: = (;y L0.334 + (f - 1)0.6661 (22) 

[v]ph,star may be eventually obtained through gfjfj$ and 
[v]ph,fin, where (see also ref 11) 

[r,71ph,lin = (2.84 x 1023)Z32/N/M0 (21b) 

Here, MO is the molar mass per chain atom and the 
mean-square length Z2 may be written as C J 2 ,  C, being 
the characteristic ratio and L the chemical bond length. 

Similar results apply to the hydrodynamic radius: 
RH,ph is asymptotically proportional to W2, while for 
finite chains we find a linear relationship between  RH,,^ 
Z/N and Correspondingly, the topological ratio 
gH = RH,star/RH,lin follows an equation similar to eq 21a. 
Within numerical accuracy, related to the extrapolation 
to - 0, g$- is given by21 

(23a) 

Again, for the phantom polymer  RH,^^ is obtained from 
this equation and the relationship12 

Good-Solvent Expansion 
The calculations were carried out for the linear chain 

and the 6-arm star having Nlf  = 200 in order to use 
previous numerical results16 of ai and pi. In ref 15, we 
showed that the equilibrium “normal” modes of eq 6 are 
not strictly orthogonal under large expansion; however, 
they produce off-diagonal elements in the a and B 
matrices that are smaller than the diagonal ones by at  
least 1 order of magnitude in the worst case (i.e., the 
most collective modes of the 6-arm star under large 
expansion). A fortiori, their effect on the mean-square 
interatomic distances and radius of gyration is even 
smaller, so that they can be neglected to a very good 
approximation. Accordingly, here we shall use only the 
diagonal terms of a and /3 obtained with the full 
procedure of ref 15. 

In comparison with the phantom-chain model, the 
effect of chain expansion is 2-fold: (1) the elastic force 
in the dynamic equation decreases, due to the greater 
correlation among bond vectors (the elements of M are 
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larger, see eqs 3); (2) the hydrodynamic interaction 
becomes weaker due to the larger interatomic separa- 
tion ((r;') decreases upon chain expansion, hence the 
elements of H become smaller, see eq 11). In the 
dynamic eq 16, factor 1 translates into smaller values 
of the elements of the diagonal matrix y-l and factor 2 
into smaller values of the elements of the quasi-diagonal 
matrix D. As a result, the relaxation times increase 
with chain expansion compared to the phantom-chain 
values, the more so the smaller the mode index k is (i.e., 
the more collective is the mode). The increase of rep  
and z,h is mostly due to the increasing strain ratios 
ai and p,", respectively, while the hydrodynamic inter- 
action undergoes a relatively minor change, since it 
depends only on the reciprocal averages (ri'). 

A first result concerning the diagonalization of a-ID, 
and of @-IDo (eq 18) is worthy of comment. As antici- 
pated, the Zimm-Hearst approximation underestimates 
the relaxation times, hence [VI, roughly by the same 
amount as with the phantom chain, both for the linear 
polymer and the 6-arm star (about 2% for [VI). As a 
consequence, for both architectures the ai ratio, de- 
fined as 

is unaffected to within 0.2% by this approximation 
compared to the full procedure. The same conclusion 
applies to the topological ratiogi = [v]s&vllin, the star 
superscript denoting the good-solvent state. 

For a given arm length (Nlf = 200 in our case) and a 
given reduced temperature z = (2' - O)/T, the 6-arm 
star shows a larger a: than the linear chain; this is due 
to the larger number of repulsive interactions because 
of the larger total number of atoms. Conversely, the 
star structure has two contrasting effects: on the one 
hand, it produces a larger density near the star core, 
which enhances the overall expansion; on the other, it 
provides a topological constraint a t  the branch point 
opposing such expansion and leading to a loss of 
correlation across the brunch p 0 i ~ ~ t . l ~  As a result, the 
star expansion is highly nonaffine, being concentrated 
near the branch point within each arm. Therefore, it 
turns out that the linear and the star polymer have very 
similar expansion factors ai = (S')/(S')ph, with a:,star L 
a&,, as a function of the universal variable z = zBdN.  
For later reference, the plots of a: vs z obtained in ref 
15 can be well approximated in the range z 5 2 with 
the analytical expressions 

ai,lin = [l + 9.5712 + 1 7 . 8 ~ ~  + 7 9 . 3 ~ ~ 1 " ~ ~  

a&ar = [ l  + 10.8662 + 14.42' + 98.9~~1"'~ 

f =  2 (linear) (25a) 

f =  6 (star) (25b) 

The coefficients of the terms linear with z within square 
brackets yield the exact first-order perturbative re- 
sults,'2 whereas the exponent gives asymptotically (S') 
QC IP", with the Flory exponent 2v = 615. In both cases 
the largest relative error of the analytical fit to the 
numerical results is about 1% for z = 1, being otherwise 
quite smaller. These equations show that, for a given 
z ,  the 6-arm star is slightly more expanded than the 
linear chain throughout the good-solvent regime. The 
topological ratio gs is expressed as 

where23 

Due to the inequality a&tar > a:,,, we have gi > g:h 
throughout the range z > 0, with the asymptotic value 
gi = 1.03gIh for z - -. This result is in good agree- 
ment with renormalization group calculations and with 
experiment (see ref 2 and references therein). 

For the same reason as discussed for ai, plots of ai 
vs z = t B d N  for the linear and the 6-arm star are again 
rather close to one another (see Figure 1); however, 
ai,star is marginally larger than a:,h at  intermediate z ,  
then becomes somewhat smaller at larger z .  (Note 
incidentally that, since in a good solvent z = zBd/N is 
the universal variable uniquely determining the strain 
ratios ai and pi, it is also the universal variable for 
ai in the present approach.) The numerical results are 
well approximated by analytical expressions analogous 
to those in eqs 25: 

a;,,, = [l + 3.2912 + 2 . 9 1 2 ~ ~ 1 ~ ' ~ ~  
f =  2 (linear) (27a) 

a;,star = [ l  + 3.6162 + 2 . 3 5 1 ~ ~ 1 ~ ' ~ ~  
f = 6 (star) (27b) 

where the exponents outside the square brackets yield 
the asymptotic relationship [VI = Na5. The perturbative 
results cannot be well reproduced because of the use of 
the Gaussian approximation for ('ti'), as also found in 
a previous workz4 therefore, we chose to fit the results 
at larger z only (z 2 0.5) in order to  extrapolate more 
confidently to z - =; the fitting error was anyway less 
than 0.5% throughout the z range shown in Figure 1. 
Equations 27 show that 4,star is larger than ai,h at 
small z ,  whereas the opposite is true at  large z .  As a 
result, proceeding in analogy with gi, and writing 

we have for gi a small increase over g;h at a small 
expansion (small z ) ,  but a pronounced decrease at lar- 
ger z .  This behavior is due to a subtle interplay of the 
rate of change with z of the elastic force and of the 
hydrodynamic interaction in the linear vs the star 
polymer. 

Figure 2 reports the plot of gi as a function of z 
calculated with the interpolating eqs 27a,b and gFh of 
the previous section. (The number of atoms is large 
enough that the difference between gffh and g$ is 
utterly negligible.) The solid line indicates the range 
of z over which eqs 27 were fitted, whereas the dotted 
curve is extrapolated. The asymptotic value for the 
6-arm star levels off at a value equal to 0.938gffh. This 
decrease with respect to gph is in semiquantitative 
agreement with experimental results, which show some 
scatter ofg* in the range comprised between 5 to 10% 
below the d value, apparently depending on the poly- 
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is always larger than gkh with an asymptotic value gk 
= 1.O55gkh for z - 00, a result in reasonable agreement 
with experimental values (see ref 2 and references 
therein). The larger increase of the topological g ratio 
of the linear quantity RH compared to that of the 
(quadratic) quantity (S2) is related to the larger expan- 
sion of short strands close to the branch point which 
affects the former dimension to a much larger extent. 

As a conclusion of this section, we note that the 
calculated plot of g; is qualitatively similar to that of 
the ring polymer:24 in fact, like the star, the ring has a 
larger intramolecular density than the linear chain due 
to topological constraints. Incidentally, the results for 
the intrinsic viscosity of the ring are qualitatively 
consistent both with exact perturbative results (not 
available for stars, to the best of our knowledge) and 
with experimental data and renormalization group 
results at large expansion.24 

The 8 State 

The 0 state is experimentally attained at  the tem- 
perature a t  which the second virial coefficient vanishes, 
that is, when the molecules are noninteracting in pairs. 
Since the repulsive three-body interactions between two 
molecules must be compensated for by temperature- 
dependent two-body attractions, it turns out that in a 
star polymer the 0 temperature must be lower than in 
a linear chain, even more so the larger is f andor the 
smaller is N/f.25-27 In fact, because of its topology, the 
star has a larger multiplicity of three-body repulsions 
between two molecules than a linear chain. However, 
if the molar mass is very large, the region close to the 
branch point has a negligible effect and a universal 
asymptotic 0 temperature is r e a ~ h e d . ~ ~ - ~ ~  

This compensation of two- and three-body intermo- 
lecular interactions brings about an analogous compen- 
sation of the corresponding intramolecular interactions 
within the linear chain, but not within a star. In the 
latter, three-body repulsions among three atoms on 
three different arms are inherently noncompensated by 
two-body attractions, since no intermolecular counter- 
part exists.16 To put it differently, the most important 
three-body repulsions arise among relatively close at- 
oms; if two of the three atoms belong to the same arm, 
they can be included into a single renormalized “atom” 
in a coarser grained description, and the interaction 
reduces to an effective two-body interaction. No such 
renormalization is possible if the three atoms belong to 
three different arms. As a result, the star has a finite 
expansion with respect to the phantom chain, unlike the 
linear chain, and g: is larger than both gih and gi. 
Furthermore, it is not a universal ratio since it depends 
on the three-body interaction parameter. These theo- 
retical results are in good agreement with experimenkl6 

Turning to the intrinsic viscosity, the qualitative 
arguments put forward at the beginning of the previous 
section hold again: the 0 expansion of the star, 
although finite and much smaller than in a good solvent, 
makes ai, j3: z 1, the equality sign holding for all but 
the most collective modes, and so (I.,’) I (ryl),h. 
Therefore, in the 0 state the relaxation times of the star, 
hence the intrinsic viscosity, must be larger than in the 
phantom chain. The molar-mass dependence of 
is similar to that of the phantom chain, hence ofg: as 
well (see eq 21); g:, and af for this case are reported in 
Table 1 and indeed g: > gph (remember that the linear 
chain in the 0 state is weh described by the phantom 

star 

1 .oo ~ 

-2 -1.5 -1 -0.5 0 

Figure 1. The expansion ratio ai = [ry[r]ph of the linear 
chain and of the 6-arm star in a good solvent plotted as a 
function of the universal variable z = tBdN giving the 
strength of the excluded volume (see text). 

log z 

0.71 1 

4 

-2 -1  0 1 2 3 
log 2 

Figure 2. The topological ratio gi = [v],&TJ]~~, for the 6-arm 
star in a good solvent as a function of z (see also Figure 1). 
The solid curve indicates the range of z wherein the numerical 
calculations were actually performed and the dotted curve the 
extrapolated results obtained with eqs 27 and 28 and g,’h = 
0.6955 (see text and Table 1). 

mer. In particular, gi appears to be somewhat larger 
for polyisoprene6 than for p~lystyrene,~ hence closer to, 
although smaller than, the experimental go 

Conversely, the hydrodynamic radius follows the 
same expression pattern as the radius of gyration. 
Thus, the calculated expansion ratio over the phantom- 
chain value, a H  = RH/RH,*h may be written as 

- - [l + 3.912 + 3 . 8 0 ~ ~ 1 ~ ” ~  
f = 2 (linear) (29a) 

aH,star = [ l  + 4.682 + 
f =  6 (star) (29b) 

which again does not reproduce accurately the pertur- 
bative results. The hydrodynamic radius is determined 
by the reciprocal averages (r:’) only and follows the 
same pattern as the radius of gyration, with a H , a t ,  > 
a H , h  throughout the good-solvent regime. As a conse- 
quence, the topological ratio gk, defined by 

g,=---”- RHatar - gbh- aH,atar * 
R H , h  a H , h  

(30) 
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solvent15 and 0-solventl6 conditions. The effect of chain 
expansion on the elastic potential and on the hydrody- 
namic interaction is accounted for and the correct 
normal modes are obtained by numerical diagonaliza- 
tion of the matrix embodying them (y-lD in eq 17) 
formed through the equilibrium normal modes. The 
relaxation times of the modes describing the concerted 
motion of the arms are somewhat increased by the 
diagonalization compared to the diagonal terms of y-lD, 
even more so with a larger number of arms. However, 
this increase is negligible for the modes describing the 
independent motion of the arms, which are the most 
important because of their larger multiplicity. As a 
result, the intrinsic viscosity is not greatly affected by 
the complete procedure, thus lending support to the so- 
called Zimm-Hearst approximation of using the free- 
draining normal modes insofar as the intrinsic viscosity 
is required. 

The approach was applied to the linear chain and the 
6-arm star in a good solvent. The results obtained in 
ref 15 (equilibrium properties) and in the present paper 
(dynamical properties) are expressed through the ex- 
pansion factors of the mean-square radius of gyration, 
of the intrinsic viscosity and of the hydrodynamic 
radius, with respect to the corresponding theoretical 
phantom polymer. The numerical values are sum- 
marized by the analytical expressions of eqs 25,27, and 
29, which form the basic results. Using these equations 
together with eqs 26, 28, and 30, and the g values of 
the phantom chains (see eqs 26b and 23 and Table 1) 
we get the topological g ratios between the correspond- 
ing properties of the star and of the linear polymer, for 
a given molecular weight. 

In the good-solvent regime, the star expansion is 
mostly concentrated within the arms, and both the 
mean-square radius of gyration (S2) and the hydrody- 
namic radius RH increase (with respect to the hypo- 
thetical phantom-chain model) slightly more than in the 
linear chain (eqs 25 and 29). Therefore, the correspond- 
ing g ratios are very close to, but always larger than, 
the phantom-chain values. Conversely, the interplay 
between the rate of change of the elastic potential and 
of the hydrodynamic interaction is more subtle and the 
relative increase of the intrinsic viscosity may be either 
larger or smaller in the star than in the linear chain, 
depending on the expansion regime (see eqs 27a,b and 
Figure 1). As a result, the topological ratio g6 = [qIstd 
[qlan is close to the phantom-chain value (see Table 1 
and Figure 2), being slightly larger in the vicinity of 0 
(i.e., in the perturbative range), but somewhat smaller 
by a few percent in the asymptotic good-solvent region. 
In this case, the preaveraging approximation has a 
minor effect, since we are considering a relatively lightly 
branched star (f= 6) in a good solvent, therefore without 
a large density near the branch point. Conversely, in 
the 0 state the residual three-body repulsions surviving 
within the star increase both (S2) and RH compared with 
the phantom chain, unlike the linear chain where such 
interactions are effectively missing; this should lead to 
a larger g: ratio. This prediction is not borne out by 
experiment, the preaveraging approximation being the 
major source of the observed discrepancy. However, this 
approximation is much less severe for the hydrodynamic 
radius, so as not to alter qualitatively our results. To 
sum up, we predict the inequalities gPh 5 ge < go the 
Q subscript being either S o r  H (ie., reyating to (STand 
to  RH). These results are in agreement with experi- 
ment, unlike the corresponding viscosimetric ratios: our 

chain). However, this theoretical prediction is ruled out 
by experiment, since g; is invariably found to be 
smaller than the calculated value ggfi unlike the cor- 
responding gs values. According to that discussed 
above, whatever the analytical details, this result is 
somewhat puzzling. 

Let us point out in this context that the hydrodynamic 
radius RH does show the expected behavior, unlike the 
intrinsic v i s ~ o s i t y . ~ ~ ~ ~ ~  Because of the residual three- 
body expansion of the star, we must have the same 
trend as calculated for the mean-square radius of 
gyration, namely gz > gkh. (Table 1 reports the values 
for the 0 state in the N - - limit, while those for the 
phantom chain are given by eq 23.) In full generality, 
this inequality should therefore hold for all the topologi- 
cal ratios discussed here. This is in agreement with 
experiment for (S2)  and, qualitatively, for RH, but not 
for [ql. The most likely explanation put forward for the 
latter discrepancy resides in the treatment of the 
hydrodynamic interaction, in particular the preaverag- 
ing approximation. Freire et al.,l0 following earlier 
suggestions by Zimm28,29 and Fixmaq30 used computer 
simulations to generate instantaneous conformations 
wherefrom appropriate averages are obtained with non- 
preaveraged hydrodynamic interaction. In this way, 
they showed that the preaveraging approximation over- 
estimates the intrinsic viscosity by an amount which 
depends both on the solvent quality and on the star 
functionality.1° The relative error amounts to about 
10% for linear chains and to 47% for 12-arm stars in a 
good solvent, but rises respectively t o  25% and to 90% 
in the 0 state, roughly reflecting the density increase 
near the branch point. Therefore, the errors entailed 
by preaveraging may be quite serious in the case of the 
intrinsic viscosity for polymers with locally large densi- 
ties of atoms for topological reasons. If we applied these 
corrective factors to  our results of Table 1, they would 
be in reasonable agreement with experiment, whereas 
the phantom-chain results would become too small. 
Conversely, similar computer simulations suggest that 
the hydrodynamic radius is underestimated by a smaller 
amount weakly dependent on the number of arms;29 
however, the errors are not large enough to alter 
qualitatively the results. 

On the other hand, the possibility of some concentra- 
tion-dependent intramolecular screening within stars 
is effectively ruled out by experiment, since it decreases 
the off-diagonal terms within the H matrix (see eq ll), 
thus increasing the relaxation times, hence the intrinsic 
viscosity and the calculated g; ratio. 

Concluding Remarks 
A self-consistent theory of the equilibrium and dy- 

namics of star polymers in dilute solution is proposed. 
We employ in either case a normal mode description of 
the molecule. The equilibrium modes are obtained from 
diagonalization of the matrix M formed through the 
scalar products among the bond vectors.12J5 These 
normal modes allow an easy (numerical) calculation of 
the interatomic distances, hence of the radius of gyra- 
tion and of the hydrodynamic radius, and provide the 
dynamical normal modes in the free-draining limit.14 
In turn, these form a first-order approximation to the 
true dynamical normal modes under partial-draining 
conditions. In the present paper, the spectrum of 
relaxation times, hence the intrinsic viscosity, is calcu- 
lated from equilibrium results obtained in previous 
papers for different solvent conditions, namely good- 



1/2 X = f  

Dynamics of Regular Star Polymers 1083 

transformation of & + cf - 1)Ml and Mo - MI (see eq 
5 )  through the matrices We and W,, respectively with 
elements (Nlf >> 1) 

E 1 ... 'E  E E 
E EeiP Eei% . . . Eei(f-l)p 

E EeaP Eei* . . . Eei2(f-1)q . .  . .  . .  . .  0 .  

E EeiV-1k Ee'2(f-1)p Eei(f-l)'pl 
A 

We,& = C sin[(h - 1 + l/f)q2,1 

2 

"=(++1)v1 

qp = L 
+ + 1  

64-21 

In the above, the e and o subscripts stand for for the 
even and odd values of the p index of the Fourier 
coordinate qp, a small p corresponding to collective 
modes, and a large p to local modes. Sending the 
interested reader to ref 15 for more details, we write 

W2*[Mo + cf - l)Mll.We = Z2a 

W,TIMo - M,l.W, = Z2p (A-3) 

a and /3 being diagonal matrices denoted in the text as 
strain ratios of the normal modes. In the phantom 
chain they reduce to the identity matrix of order Nlf x 
Nlf. The matrix V (see eqs 4 and 6) is given by 

I wol 

As for the dynamic eq 9, after some tedious algebra, we 
have, from eqs 11, 13, and 14 

Bo B1 

Bo 
B=aHaT= . .  64-51 

lB1 Bl :. BoJ 

where the (N/f,  x (N/f) matrices Bo and B1 comprise the 
intra- and interarm contributions, respectively, the 
branch point entering both matrices. They can be 
expressed as the sum of a free-draining term and of a 
hydrodynamic interaction term as follows: 

where the free-draining matrices are given by 

(A-6a) 

(A-6b) 
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to be diagonalized are nonsymmetrical; furthermore, eqs 
A-6 show that the relaxation rates (see eqs 18) can be 
expressed as the sum of a free-draining part and of a 
hydrodynamic interaction part. 
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